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HEAT TRANSFER IN THE THERMALLY STABILIZED SECTIONS OF CHANNELS 
WITH A LAMINAR NON-NEWTONIAN FLUID FLOW 
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An approximate method is described for solving the problem of heat 
transfer for laminar non-newtonian fluid flow in the thermally stabil- 
ized sections of a plane channel and a circular tube under conditions 
of constant wall temperature. 

Non-newtonian fluids a re  met  with in va r ious  t eeh-  
n iea l  appl icat ions~ The bas ic  hydrodynamic  feature  of 
the behavior  of these  fluids is  the fact that t he i r  mo-  
t ion cannot be descr ibed  in accordance  with the new- 
tonian  hypothesis  of a l i n e a r  re la t ion  between s t r e s s  
and rate  of s t r a in  

dtt t 
- -  ~ .  ( 1 )  

dr 

For non-newtonian fluids the relation between 
stress and shear rate is nonlinear. 

Various rheological laws of flow of non-newtonian 

fluids are known. The most widely used of these is 
the so-called power law, which may be written in the 
empirical form [i] 

dt t  

dr - K x", (2) 

where  K and n a re  individual  rheological  cons tan ts  of 
the subs tance ;  if K depends s t rongly  on t e m p e r a t u r e ,  
the quant i ty  n v a r i e s  to a much l e s s e r  degree  and can 
often be cons idered  eonstanto When n is 1 we have an 
o r d i n a r y  newtonian fluid.  

In spite of the fact that over  a wide range  of values  
of shear  ra te  du /d r  the s imple  theo logica l  power law 
(2) does not, as a rule ,  desc r ibe  the flow of rea l  non-  
newtonian fluids,  the law is  appl icable  to many  non-  
newtonian fluids over  a ce r t a in  range,  e . g . ,  to poly-  
m e t  solut ions and mel t s ,  and it  is  widely used in v a r -  
ious technica l  ca lcu la t ions  [2]. 

The p r e sen t  paper  obta ins  an approximate  t heo re t i -  
ca] solut ion to the p rob lem of heat t r a n s f e r  in the l a in -  
i na r  flow of a non-newton ian  fluid obeying law (2) in 
the t h e r m a l l y  s tab i l ized  sect ions  of a plane channel  
(flow between two pa ra l l e l  inf ini te  p lanes)  and a c i r -  
eu l a r  tube unde r  condi t ions  of cons tant  wall  t e m p e r a -  
tureo 

The solut ion has been obtained on the following a s -  
sumpt ions :  the s t r e a m  is hydrodynamica l ly  s tabi l ized;  
heat t r a n s m i s s i o n  in the axial  direeLion is  i n s ign i f i -  
cant ;  the physica l  p r o p e r t i e s  of the fluid a re  constant  
at any point  in the flow; the heat r e su l t ing  f rom en-  
ergy d iss ipa t ion  is negl igibly sma l l .  

In theory  the t e m p e r a t u r e  profi le ,  and the re fo re  
the heat  t r a n s f e r  r e l a t i ons ,  may be found f rom the so-  
lution of the d i f ferent ia l  energy  equation: 

for  a plane channel  

Ot 
ll . . . . .  = a - - -  

Ox 

O'-'t (3) 
dh"- 

for a circular tube 

1 at) 
Ox \ Or ~ I T 

(4) 

with appropr i a t e  boundary  condi t ions .  
For  s tabi l ized  flow of a non-newton ian  fluid, by 

in t eg ra t ing  (2) and us ing  the boundary  condi t ion that 
when h = H or r = R the veloci ty  u of the liquid is 0, 
we may es tab l i sh  the re la t ion  be tween the flow r e -  
loei ty and the mean  veloci ty  u over  the sec t ion  [2]: 

for  a plane channel  

.(h) = . ~ -  (5) \Y)  J' 

for a c i r c u l a r  tube 

n + l  . t K / 3 (6) 

Solution of d i f ferent ia l  equat ions (3) and (4) for 
a r b i t r a r y  va lues  of n is ve ry  difficult .  An approxi -  
mate  solut ion of this  equation is given below, us ing  
in tegra l  r e l a t ions  in the fo rm of a heat content  ba l -  
anee for the plane channel  and the c i r c u l a r  tube.  

P lane  channel .  The heat t r a n s f e r  coeff ic ient  may 
be found f rom the wel l -known expres s ion  

= qw,'(tw - -  % ) .  (7) 

The mean  fluid t e m p e r a t u r e  is found f rom the equa-  
t ion  

1 
l m=  ~ t u(h) t(h)dh, 

17U T 
o 

(8) 

or, in d i m e n s i o n l e s s  form,  

I 

/w ;7 lw 
E) 

(9) 

Taking into account that 

Ot q = - - ~ - - ,  
Oh 

(1o) 
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Fig.  1o Dist r ibut ion of  veloci ty  and t e m p e r a t u r e  over  a) plane 
and b) c i r c u l a r  channels  in the stabil ized sect ion of a l amina r  
flow of non-newtonian fluid: I) the re la t ion  t (h /H) / tw = f(h/H);  
II) u{h /H) /~  = f (h /H) ;  III) t ( r /R ) / tw  = f ( r /R ) ;  IV) u( rAR)/~  = 

= f ( r / R ) ;  1) when n = 0; 2) 1; 3) ooo 
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Fig.  2. Dependence of  heat  
flux q/qw on the d imens ion-  
less  coord ina te  ~: I) fo r  a 
plane channel;  II) for  a c i r -  
cu l a r  tube; 1) with n = 0; 

2) 1; 3 ) ~ .  
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Fig. 3. Nusse l t  number  for  a t he rma l ly  s tabi l -  
ized l aminar  s t r e a m  of non-newtonian fluid in 

1) a plane channel,  and 2) a c i r c u l a r  tube. 
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and integrating this expression, we obtain 

1 

(11) 

Substituting (9) and (11) into (7), and bringing it into 
dimensionless form, we write 

1 

Nu 2./-/ : 4 / ( 1 - - ' f ) S I  q (h) = :  ~' -~w d . (12) 

It follows from (9) and (11) that the tempera ture  
profi les  for  t m and t w may be found, if we know the 
nature of the variat ion of q/qw over  the height of the 
channel. This may be found f rom the equations of heat 
balance and the condition of s imilar i ty  of tempera ture  
profiles for the stabilized section, i . e . ,  

f l  (t) = ,V~ (0.  

These conditions, along with the Four ie r  equation, 
give the following system of equations, writ ten in di- 
mensionless form: 

Q q 
Qw qw (13) 

Q 

Qw 

I,- 
0 a 

0 0 

u(~)_ _ . n §  (15) 
u n §  

This system of equations is solved by a successive 
approximation method. Putting q/qw = 1 in the f i rs t  
approximation and calcUlating~(~)/t w according to 
(15), we find the value of q/qw in the second approxi- 
mation f rom (14). The successive approximation pro-  
cess is very  simple, and the solution quickly converg- 
es.  The difference between the third and fourth ap- 
proximations to the relation q/qw = f(~ ) is about 0.5%. 
It is therefore  sufficient to limit the calculation to 
the third approximation. 

Following solution of the problem in general  form, 
the formulas for  tempera ture  profi les and Nusselt 
number according to the third approximation have the 
form 

tw = I 2 24 -~- 120 ( n §  + 

1 
+ 2(n-[ 4)(n.l 5) § 

1 ] ~n+~__ 
+ (n + 2)(n + 3)(n-~-4)(n+5) 

§ 

Here 

+ 

= h/H; 

+ 

_[ 
6(n t 5)(n+6)  

( n + 3 ) ( n . i - 4 ) ( n + 5 ) ( n §  ~,~+6 

~2n+6 
- -  + 

(n + 2)(n § 3)(2n + 5) (2n + 6) 

""  f/ (n+3)(n- t -4)(2n+6)(2n+7) c, 

n §  

(16) 

(17) 

! 1 1 
a = - =  ~ ~ . - ~  

3 ( n + 2 ) ( n + 3 )  (n § 3)(n+ 4) 

b =  a ( n + l )  n + 1 + n §  1 @ 
n + 2 6 (n @ 4) 24 (n q- 5) 

n + l  + 
(n@2)(n+3)(n-~ 4)(2n+5) 

n @ l  
(n § 3)(n -4- 4)(n + 5)(2n + 6) 

a(n+ 1)(n + 4) 
2 (n + 2) (n + 3) 

(n § 1)(n+ 8) _~ (n + 1)(n§ 10) 
24(n+ 4)(n § 5 ) 120(n + 5)(n § 6) 

(n4- 1)(3n § I0) 

A -  

( n + 2 ) ( n +  3 ) ( n + 4 ) ( n + 5 ) ( 2 n §  

( n +  1)(3n§ 12) 
(n § 3)(n + 4)(n + 5)(n + 6)(2n + 6)(2n + 7) 

J _ L6(n+4)  (n § 2)(n-[- 3)(n § 4)(2n + 5) 

§ 

n @ I  n + l  § 
120(n§ 6) 720(n + 7) 

§ 

n +  1 
(n + 2)(n § 3)(n + 4)(n + 5)(n + 6)(2n + 7) 

n + l  § 
�9 (n + 3) (n + 4) (n @ 5) (n -]- 6) (n -}- 7) (2n @ 8) 

n-t-1 + 
2 (n @ 4) (n + 5) (n + 6) (2n + 7) 

n + l  
6 (n + 5) (n + 6) (n + 7) (2n + 8) 

n +  I + 
(n + 2) (n + 3)(2n + 5) (2n § 6) (2n + 7)(3n + 8) 

n §  + 
(n + 3) (n + 4) (2n + 6)(2n + 7) (2n + 8) (3n +-9). 

Circular  channel. This 
ed. In this case the initial 
the form 

problem is s imilar ly  t rea t -  
system of equations takes 

Q q 

Qw qw 
~, (18) 
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Qw 
(19) 

n-~- 1 + 
4 (n + 5)" (n + 7) (2n + 8) 

n +  1 _~_ 

9(n -? 6)"-(n + 8)(2n-k- 9) 

lz-~- 1 + 
(n -F 3) ~ (n + 5) 2 (tz + 7) (2tz + 8) 

n +  I 

- ~ " - - , d , /  I I -  tw j , d , ,  d II 
0 0 

tw qw , ,  qw 
0 0 

u(~)u_ n+ln+3[l _ ~n+l] . (20) 

Va lues  of the  m e a n  t e m p e r a t u r e  and Nu n u m b e r  a r e  
d e t e r m i n e d  f r o m  the f o r m u l a s  

4 (n + 3) 4 (2tz -? 8) (3n -I 9) 

n +  1 + 
(l~ + 4)" (n + 6) 2 (77 -~ 8) (21~ +-9) 

1 

tm _ 2  I u(~) t(~) ~d~,  (21) 
t w . ff tw " 

0 

1 

Nu 2/[1 l i  q ,22, tw qw 
U 

Fol lowing  so lu t ion  in g e n e r a l  fo rm,  in the c a s e  of 
a c i r c u l a r  channel  the  f o r m u l a s  fo r  t e m p e r a t u r e  p r o -  
f i le  and Nusse l t  number ,  in the  t h i rd  app rox ima t ion ,  
have the f o r m  

~ a ~+3 t (U a ~ .~4 + _ _  

t w 4 64 225 (n --F 3) 2 + 

+ 4 ( n + 5 )  2 + (n-~-3) 3 ( n + 5 )  ~ 

[ 1 + 1 ] ~ + 6  
9(n + 6 )  ~ ( n + 4 ) 2 ( n + 6 )  2 

~2~+~ ~2.+7 }/ 
4 ( n + 3 )  4 + ( n + 4 )  z ( 2 n + 7 ) :  c, (23) 

N u = 2 b  c - -  d . (24) 
n + i  

Here  

r 5 1 1 ~ =  --~; a =  + 
36 (n + 3) 3 (n + 4)" 

b =  a ( n +  1) n + l  + n + l  + 
2(n + 3) 16(n + 5) 45(n + 6) 

+ n + l  n + l  

2(n + 3)3(n + 5) ( n . 4 ) 2 ( n - } - 6 ) ( 2 n + 7 )  

a(n + 1)(n -F 5) (n + 1)(Iz + 9) 
4(n + 3) 2 64(n + 5) 2 

+ (n + l ) (n 4-11) , ( n + l ) ( 3 n + l l )  

225 (n + 6) ~ 4 (n 4- 3) ~ (n + 5)"- 

(n + 1) (3n -!- 13) 

(n + 4)" (n + 6) 2 (2t~ + 7)" 

n +  1 
d =  a 1 6 ( n + 5 )  

n +  1 m-4-1 + + 
384 (n + 7) 1575 (n -',- 8) 

+ n + l  

(n -~- 4fi (2n + 7) 2 (2n + 9) (3n + 10) 

The r e s u l t s  of the v e l o c i t y  and t e m p e r a t u r e  p r o f i l e  
c a l c u l a t i ons  a c c o r d i n g  to (5), (6), (16), and (23) a r e  
shown in F ig .  1. C o m p a r i s o n  of  the  t e m p e r a t u r e  and 
v e l o c i t y  p r o f i l e s  shows that  the  v e l o c i t y  p r o f i l e s  fo r  
v a r i o u s  va lue s  of t h e  exponent  n d i f f e r  a p p r e c i a b l y ,  
whi le  the  t e m p e r a t u r e  p r o f i l e s  s c a r c e l y  change  with 
change  of n f r o m  0 to ~ .  Th is  i s  v e r y  i m p o r t a n t  in 
a na ly t i c a l  e x a m i n a t i o n  of the inf luence  of v a r i a t i o n  
of p h y s i c a l  p r o p e r t i e s  of the  f luid on heat  t r a n s f e r  and 
r e s i s t a n c e ~  

F i g u r e  2 shows the v a r i a t i o n  of hea t  f lux as  a func-  
t ion of the r e l a t i v e  c o o r d i n a t e  ~. Be c a use  of r educ t ion  
of the a r e a  of heat  t r a n s f e r  to the tube ax is ,  the r e l a -  
t ion q /qw = f ( r / R )  has  a m a x i m u m ,  c o r r e s p o n d i n g  to 
the  bend in the t e m p e r a t u r e  p ro f i l e  (the point  a in F ig .  
l b ) .  F o r  a p lane  channel  the r e l a t i o n  q /qw = fO~/H) 
has  no m a x i m a .  

F i g u r e  3 shows va lue s  of  s t a b i l i z e d  Nusse l t  n u m b e r  
fo r  v a r i o u s  va lue s  of the  r h e o l o g i c a l  cons tan t  n, c a l -  
cu la ted  f r o m  (17) and (24). 

F o r  conven ience  in ca l cu l a t i ng  the hea t  t r a n s f e r  in 
the  t h e r m a l l y  s t a b i l i z e d  sec t ion  of  a channel  in a l a m -  
i n a r  flow of non-newton ian  fluid,  r e l a t i o n s  (17) and (24) 
obta ined  fo r  the Nu n u m b e r  m a y  be a p p r o x i m a t e d  by 
the  s i m p l e r  e x p r e s s i o n s :  

for  a p lane  channel  

Nu = 9 . 8 4 -  2.9/(0,26n + 1); (25) 

fo r  a c i r c u l a r  tube 

Nu = 1/[0.373-- 0.2(n ~- 1)/(n + 3)]. (26) 

To i l l u s t r a t e  the a c c u r a c y  of the  ca l cu la t ion ,  we 
sha l l  c o m p a r e  va lue s  of  the Nusse l t  n u m b e r  c a l c u -  
la ted  a c c o r d i n g  to (25)and  (26), or ,  equ iva len t ly ,  a c -  
c o rd ing  to (17) and (24), with exac t  t h e o r e t i c a l  s o l u -  
t ions  for  the l i m i t i n g  c a s e s  n = 1 (newtonian fluid,  
p a r a b o l i c  ve loc i t y  p r o f i l e )  and n = oo (pis ton flew) [3, 4] 
(see  t ab l e ) .  

I t  fo l lows f r o m  the t ab le  that  the  method of so lu t ion  
deve loped  and the f o r m u l a s  obta ined  a l low ca l cu l a t i on  
of the  hea t  t r a n s f e r  with suf f ic ien t  a ccu racy~  
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V a l u e s  of N u s s e l t  N u m b e r  

Channel 
shape 

Plane 

Circular 

Velocity 
profile 

tl ~= c o n s t  
parabola 
U ,=  c o n s t  
parabola 

N u s s e l t  n u m b e r  

exact approximate 
solution solution 

9.87 9.84 
7.56 7.54 
5.78 5.78 
3.66 3.66 

N O T  A T  I O N  

t-temperature of fluid; t w-  channel wall temperature; qw-heat  
flux at channel wall; x-coordinate directed along the flow; h-coor-  
dinate directed across the flow, computed from center-line of plane " 
channel; r-coordinate in the direction of the tube radius, calculated 
from tube axis; g- dimensionless coordinate; 2H- channel height; 
2R-tube diameter; ~ - m e a n  fluid flow velocity; a - thermal  diffusiv- 
ity; k -  thermal conductivity. 
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